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Abstract. This paper presents an inverse approach to estimate the heat transfer 

coefficients on the inner and the outer sides of a cylindrical shield made of R35 steel 

containing a gas-dynamic control block of a 122 mm medium-range missile during the 

combustion of propulsion charge in a correction engine. The specific heat and the 

thermal diffusivity of R35 steel was experimentally determined using both Netzsch 

DSC 404F1 Pegasus and LFA 427 measuring devices, respectively. The obtained 

temperature characteristics of the thermo-physical parameters of cylindrical shield 

materials were then used to calculate the temperature field concerning the main 

problem. The inverse problem based on the parameter estimation method using 

Levenberg–Marquardt optimization procedure was applied to find the unknown heat 

transfer coefficients. To solve the inverse problem the temperature histories at some 

locations of the cylindrical shield were known from the experiment.  

For this purpose a test measuring stand was built and during the combustion 

process of the propulsion charge inside the cylindrical shield containing the correction 

engine the temperature distribution on the outer surface of the cylindrical shield was 

recorded by means of a high-speed infrared camera (PhantomV210).  
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A two-dimensional axial-symmetric nonlinear heat conduction model which takes 

into account the heat loss due to convection and radiation was solved using the Finite 

Volume Method (FVM). It was found that the assumption of fixed heat transfer 

coefficients on both sides of the cylindrical shield was sufficient enough to achieve 

a satisfactory compliance between the measured and the calculated temperature histories 

at the same location.  

Keywords: heat transfer, thermo-physical properties, parameter estimation, R35 steel, 

heat transfer coefficient 

 

1. INTRODUCTION 

 

Newton’s law of cooling describing the quantitatively heat transfer by 

convection mode in which energy is transferred by diffusion and the bulk 

motion of fluid is given in Eq. 1 

 )( fs TThAQ −=ɺ  (1) 

where h[W/m
2
/K] is the heat transfer coefficient, A[m

2
] is the surface area, Ts, Tf 

[K, °C] stand for temperatures of the bounded surface and fluid, respectively 

and Qɺ  [W] is the convective heat flux.  

Despite its simplicity Eq. 1 is very complicated due to the heat transfer 

coefficients’ h dependency on the fluid thermal and mechanical properties 

within the domain of the boundary layers (hydromechanics and thermal) [1]. 

The determination of the heat transfer coefficient h is possible for simple 

problems in an analytical way or by using the correlation formula for the 

Nusselt number, but for more complex problems more efficient methods are 

experimental studies of heat and mass transfer problems or the numerical 

modeling of boundary-value problems. Another approach to determine the heat 

transfer coefficient may be inverse methods based on the minimization of  

a mean square functional S(h) involving the measured and the calculated 

temperatures at the selected locations of the measurement stand. According to 

Beck [5] coefficient inverse heat conduction problems (CIHCP) can be caused 

due to the problem of parameter estimation (finding the coefficients of the 

distribution function in a set of basic functions) or function specification 

(finding the sought function in a fairly large number of points).  

Beck’s sequential function specification method with zero-order 

regularization terms was applied by Buiar and Moura [6] to estimate the 

convection heat transfer coefficient. Mehta and Jayachandran [7] utilized both 

the Newton–Raphson method and the sequential future-information method to 

predict in the wall heat flux, surface temperature, heat transfer coefficient and 

combustion gas temperature for a typical divergent rocket nozzle in conjunction 

with the experimentally measured outer surface temperature data during a static 

test.  
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The explicit finite difference technique with the nonlinear estimate method 

and experimentally measured temperature was used by Cheng et al [8] to 

determine the surface heat transfer coefficient of a steel cylinder with phase 

transition during gas quenching with high pressure.  

The subject of the present study, which refers to [9], is the estimation of the 

heat transfer coefficients inside a cylindrical shield – h1 and outside it – h2, 
containing the gas-dynamic control block during the combustion of propulsion 

charge (see Fig. 2). Knowledge of the heat transfer coefficients is essential to 

calculate the heat fluxes in both radial and axial directions of the analysed 

component of the missile which are both quite difficult to measure. In addition 

to this the working temperature of the control unit is limited, hence this work 

was undertaken to assess the intensity of heat exchange in a specific part of the 

missile. 

 

2. PROBLEM FORMULATION 

 

2.1. Direct problems 

 
Here is considered that the 2D axial-symmetry transient heat conduction 

problem in a cylindrical shield of the inner radius r1, the outer one r2 and of the 

height H (see Fig. 3). The thermo-physical properties of the cylindrical shield 

material are temperature dependent and these are known from the experiment. 

On both sides of the cylindrical shield heat transfer occurs with constant values 

of heat transfer coefficients h1 and h2, respectively the cylindrical shield is made 

of R35 steel which is homogenous and isotropic; 

− heat transfer is due to the conduction, convection and radiation; 

− fluid temperatureTf1 inside the cylindrical shield is time dependent and 

it is equal to the surface temperature of the Gunpowder Pressure 

Accumulator (GPA) measured at one of these measuring points (T3, T4, 

T5 – see Fig. 3); 

− surfaces of the cylindrical shield and GPA are grey and diffusive and 

they are considered to be semi-infinite for radiation; 

− fluid temperature Tf2 outside the cylindrical shield is constant and is 

equal to the ambient temperatureT0; 

− initially at time t = 0 there is a homogenous temperature distribution 

T0 = 29.5°C in the considered domain 

The direct heat transfer problem can be written as 
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with initial conditions 

 0)0;,( TtzrT ==   at  Hzrrr ≤≤≤≤ 0,21  and t = 0 (2b) 

and boundary conditions 

)()()( 4
1

4
111 ff TTTTh

r

T
T −+−=

∂

∂
σελ   at 0,0,1 ><<= tHzrr  (2c) 

)()()( 4
2

4
222 ff TTTTh

r

T
T −+−=

∂

∂
− σελ   at 0,0,2 ><<= tHzrr  (2d) 

0=
∂

∂

z

T
 at 0,,0 21 ><<= trrrz ,  )()( 11 fTTh

z

T
T −=

∂

∂
− λ  at z = H (2e) 

In order to solve the nonlinear direct problem (Eq. 2) FVM with The 

Peaceman–Rachford Alternating Direction Implicit (ADI) numerical scheme is 

used [3]. The right hand side of the boundary conditions (Eqs. 2c, 2d) for a new 

time step tn+1 = t ((n+1)∆t) can be rewritten as 
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Comparing the divider on the right hand side of Eq. 3 with expression 8 on 

page 255 given during conference proceedings Thermophysics 2010 [3] one can 

notice that in this case the heat transfer coefficients (he, hw) of the element 

conductance Ke and Kw should be replaced by 

 ( )( ))()()()(),( 1
2
,1

2
1,1 ++++ +++→ nifnnifniiwe tTtTtTtThhh σε  (4) 

It is worth mentioning that the solution of the system of algebraic equations 

resulting from using the Peaceman–Rachford ADI method for each time step 

tn+1 requires iterations due to the non-linearity of the problem. In this case the 

unknown temperature T(tn+1) at iteration (s = 0) is replaced by the one from the 

previous time step tn, that is 
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The iterative process for the step tn+1 is terminated if the following 

condition is satisfied 
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2.2. Inverse problem 

 
The unknown quantities occurring in the direct problem (Eq. 2) are the heat 

transfer coefficients h1, h2. To find them additional information is derived from 

a real experiment. The inverse problem can be brought up to minimization of 

the mean square functional S 

 min)],();,([)(),( 2T

1

T
21 →−∑==

=
n

Nt

n
n tPYtPTJhhS uu  (7) 

where 

T (P, tn; u
T
) is the model temperature being the solution of the direct problem 

(Eq. 2) at the same location P and moments tn as the measured temperatures 

Y (P, tn) = T7(tn) for the currently estimated components of the vector 

],[ 21
T

hh=u  

Because the gas temperature Tf1 in the interior of the cylindrical shield was 

not measured directly it was decided that the temperature Tf1 was equal to the 

one of temperatures T3, T4, T5 such that the functional S would reach the 

smallest value. To solve the inverse problem with respect to the unknown heat 

transfer coefficients h1, h2 the Levenberg–Marquardt optimization method was 

used and details of the optimization procedure can be found in [3]. However, in 

this case, to initialize the Levenberg–Marquardt procedure in order to minimize 

the functional S(u
T
) the following starting values were used: (h1)

0 
= 10 W/m

2
/K, 

(h2)
0 
= 5 W/m

2
/K, µ0 = 10

-3
 , δ = 10

-4
 (δ – refers to central difference scheme 

used to calculate sensitivity coefficients). 

At each iteration (iter = 1, 2,…,itermax) where itermax is the final iteration 

(one must distinguish between the number of iterations for each time step – s 

from the iteration for the calculation of a new value of the heat transfer 

coefficients hi – iter), the sensitive coefficients were calculated from the direct 

problem using a central difference scheme. If the sensitivity coefficients are not 

correlated to each other then an inverse matrix exists (X
T
X)

-1
 and the unknown 

parameters can be estimated. The results of the calculation of the reduced 

sensitivity coefficients (βhj = hj (∂T/∂hj )) (j = 1, 2) after 6 iterations (iter = 6) are 

depicted in Fig. 1. One can see in Fig. 1b that the reduced sensitivity 

coefficients βhj reached their extreme values within the measuring time interval 

0 s < t < 490 s. For the coefficient βhj its maximal value equals 124.4°C at 

t = 83 s and for the coefficient βh2 we have (–73.6°C) at t = 241 s. Large 

numerical values of the sensitivity coefficients provide a good numerical 

conditioning of the inverse problem. 
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Fig. 1a. Measured and calculated for 

emissivity ε = 0.1 and ε = 0.9 temperature 

histories at point T7 (see Fig. 3) 

Fig. 1b. Reduced sensitivity coefficients 

with respect to heat transfer coefficients h1 

and h2 for emissivity ε = 0.1 and ε = 0.9 

 

3. AN EXPERIMENT AND THERMOPHYSICAL PROPERTIES 

OF R35 STEEL 
 

3.1. Description of the measuring system for testing the heat 

exchange 

 
The subject of research is the heat transfer in a central part of a 122 mm 

medium-range ground to ground missile containing a gas-dynamic control block 

shown in Fig. 2. This control block enables precise and accurate missile 

guidance due to control its centre of gravity. The control unit consists of an on-

board generator (Gunpowder Pressure Accumulator – GPA) that generates 

gunpowder gas under appropriate pressure and an actuator equipped with  

a solenoid valve that separates gases into two nozzles whereby they flow out 

alternately in radial directions outside the cylindrical shield [4]. The cylindrical 

shield of a length of H = 360 mm, a diameter of (inner d1 = 118 mm) and (outer 

d2 = 122 mm) is made of R35 steel which is commonly known as AISI 1015 

steel. Temperature measurements were made using sheathed K-type 
thermocouples with an outer diameter of 0.5 mm arranged into seven 

measurement points as shown in Fig. 3. Temperature histories obtained 

experimentally are shown in Fig. 4. This figure also show the pressure changes 

measured in the GPA that occurred within the first 15-17 seconds of the gas 

generator operation but these results were obtained in a separate experiment. In 

order to determine the gas velocity in both radial and axial directions the high-

speed infrared camera (PhantomV210) capable of recording at 500 Hz full 

frame rate with a resolution of 800 × 600 pixels per frame was used. One can 

notice in Fig. 4 that the temperature of the outer surface of GPA – T3 reaches its 

maximum (about 650°C) at t = 28 s while on the outer surface of the cylindrical 

shield the temperature T7 is equal to 250°C at t = 150 s. 
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Fig. 2. View of the gas-dynamic control block (left) and its components (right) 

 

The highest temperature T1 was recorded close to the nozzle reaching its 

maximum values twice, namely T1 = 919°C at t = 36 s and T1 = 982°C at  

t = 103 s.  

  
Fig. 3. Arrangement diagram of temperature measurement points (left) and scheme of 

gas outflow from the correction engine (right) – [10] temperature histories at these 

points were obtained experimentally (right) – [10] 

 

 

 

Fig. 4. Temperature at measuring points (T1,..,T7) (left) and pressure changes in GPA 

(right) obtained experimentally – [4]  
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Fig. 5. Thermal image recorded by the infrared camera PhantomV210 during the 

correction engine operation 

 
The analysis of the thermal image recorded by the infrared camera 

Phantom V210 (see Fig. 5) allowed the determination of the average gas 

velocity flowing out from the nozzles and in an axial direction that is equal to 

90 m/s and 20 m/s, respectively.  

 

3.2. Measurement of thermo-physical properties of R35 steel 
 

The aim of this study was to determine the differences in temperature 

characteristics of the specified heat cp (T) and the thermal diffusivity a (T) 

between the R35 steel and its literary equivalent AISI 1015 steel. The 

temperature range of the specific heat investigation was ranged from 320 K up 

to 1120 K and for the thermal diffusivity from 300 K up to 800 K. Netzsch DSC 

404F1 Pegasus and LFA 427 measuring devices were used. The test specimens 

for measurement of the specific heat and thermal diffusivity were taken from  

a piece of cylindrical shield just after it cooled down to room temperature, the 

cylindrical shield was subjected to the correction engine operation shown in 

Fig. 5. 

 

3.2.1. Thermal diffusivity 

 

The specimen for the thermal diffusivity measurements was made in 

a form of cylinder with a diameter of ddif = 12.60 mm and a thickness of  

l = 2.44 mm. To improve laser pulse absorption both faces of the specimen were 

sprayed with GRAPHIT 33 (~1 µm layer thickness) manufactured by CRC 

Industries Europe NV.  
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A typical measurement signal which can be seen on the computer screen 

corresponding to the sample temperature T = 69.3°C and the laser pulse of  

a width of 0.6 ms is visible in Fig. 6. To determine the thermal diffusivity of 

R35 steel at T = 69.3°C which is equal to a = (12.893 ± 0.038) mm
2
/s, the 

Cape–Lehmann with pulse correction theoretical model was chosen giving the 

best fit among all others available in the LFA 427 software models. The results 

of the thermal diffusivity investigations of R35 steel are presented in Fig. 7. In 

addition to this in Fig. 7 the numerical values of thermal diffusivity are shown 

a (T) of AISI 1015 steel derived from the Temperature Dependent Elastic & 

Thermal Properties Database MPDB v.7.49.  

 

 

Fig. 6. An example of the measured signals corresponding to thermal diffusivity of R35 
steel at T = 69.3°C using Netzsch LFA427 apparatus 

 

 

Fig. 7. Thermal diffusivity of R35 steel obtained experimentally using Netzsch  

LFA 427 apparatus and calculated from MPDB date for AISI 1015 steel 
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Since the thermal diffusivity of AISI 1015 steel is not available in the 

MPDB database its numerical values have been calculated using the formula: 

a (T) = λ (T)/[ρ (T) ⋅ cp (T)] where the temperature characteristics of the thermal 

conductivity λ (T), density ρ (T) and the specific heat cp (T) have been taken 

from MPDB.  

In Fig. 7 it is easy to notice that the thermal diffusivity temperature 

characteristics of R35 steel and AISI 1015 steel are almost parallel to each 

other, the maximum discrepancy of the results amounts to 15%. The numerical 

values of the thermal diffusivity of R35 steel were obtained experimentally 

using LFA 427 and were tabulated in [9] and they will not be repeated here. 

 

3.2.2. Specific heat 
 

In the next step, specific heat tests were performed on R35 steel samples. 

The test specimen with a mass of m = 167.99 mg and a density of 

ρ = 7.873 g⋅cm
-3

 at room temperature (T = 23°C) was made in a form of 

cylinder with a diameter of dCp = 5.0 mm. The sample was inserted into  

a platinum-rhodium pan. The values of the specific heat were calculated using 

the method of 3-curves, i.e. the base line, the reference sapphire and the tested 

specimen. The heating and the cooling rate were equal to each other and 

amounted to 10 K/min. Helium was used as an inert gas. The results of the 

specific heat measurements for R35 steel are shown in [9] but only for the 

heating period. This time our own calculation procedure for determining the 

specific heat was used, which takes into a new base signal recording at the end 

of the measurement. The specific heat cp(T) is calculated according to the 

formula given in [11] 

 )(
)()(
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where )(),(),( THTHTH refb
ɺɺɺ stand for the enthalpy fluxes with respect to the 

base, reference material (sapphire) and the test sample, respectively, mref  and 

cp,ref  are mass and the specific heat of sapphire, respectively and m is the mass 

of test specimen. The mass of the reference sapphire was mref = 85.04 mg. The 

correlation function of the specific heat for the NBS reference sapphire cp,ref (T), 

which values are tabulated by Netzsch within a temperature range from 

273.15 K up to 1873.15 K, was chosen in the form  

   11
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with the coefficients ai  
a0  = –4.96823635445709      

           a1  = –1.82630640547086E-003 

           a2   = –1.53532615749585E+003      

           a3  = +7.47063054335224E-010 

           a4  = –4.28782054156033E-013 

           a5  = +7.68617373541201E-017 

           a6   = +1.10372836726587   

Mean squared error 2
,1 , )](ˆ)([

1
irefpi

N
i refp TcTc

N
MSE −∑= = = 6.8⋅10

-8
[(J/g/K)

2
], 

(N = 59) and the maximum discrepancy between the tabulated and 

approximated values of the specific heat of sapphire using formula (9) is equal 

to 6.75⋅10
-4

 [J/g/K] at T = 273.15 K, respectively.  

Formula 8 can only be used in such a temperature range where the heating 

or cooling rate is constant during measurement. Due to the cooling system the 

maintaining of the assumed cooling rate of 10 K/min was not possible in 

temperatures ranging from +60°C down to +30°C. In addition to this the results 

concerning a higher temperature range from 850°C to 900°C were physically 

unreasonable. For that reason our own results of the specific heat of R35 steel 

were accepted within temperatures ranging from +60°C up to +850°C both for 

heating and cooling periods (run 1, 2, 3) of which are shown in Fig. 8.  

 

 

Fig. 8. Comparison of the specific heat of R35 steel own investigations obtained using 

formula 8 and the one derived from MPDB for AISI 1015 steel 

 
Results of our own specific heat investigations of R35 steel and those 

corresponding to AISI 1015 steel taken from MPDB v.7.49 which are shown in 

Fig. 7 indicate the occurrence of the phase transition of the second kind at 

T = 754.3°C, cp = 1.302 Jg
-1

K
-1 

for cooling periods and at T = 759.7°C, 

cp = 1.046 Jg
-1

K
-1

 for heating periods.  
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Comparing our results of R35 steel heat investigations with the MPDB 

values for AISI 1015 steel one can notice in Fig. 8 that the MPDB values are 

similar to the mean values taken from the heating and cooling runs.  

 

3.2.3. Thermal conductivity 

 

Due to the limitation of only two thermo-physical parameters studies (the 

specific heat cp (T) and the thermal diffusivity a (T)), the thermal conductivity 

temperature characteristic λ (T) of R35 steel (regarded as an isotropic material) 

was calculated based on this formula  

 ( ) ( ) ( ) ( )
( ) ( ) ( )

( )
( ) ( ) ( )

( ) TT

TaTcT

TT

TaTcT
TaTcTT
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V

lp
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ρ

α

ρ
ρλ

311

0000
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where )(
0

Tal  is the thermal diffusivity measured for a sample having  

a thickness of l0 at temperature T0, αV (T), αl (T) stands for the thermal 

expansion and linear thermal expansion coefficients, respectively, ρ (T0) = 7873 

kg⋅m-3
 is the R35 steel density at a temperature T0 = 23°C, ∆T = 1 K. 

Assuming that the linear thermal expansion coefficient αl (T) of R35 steel 

is equal to that of αl (T) of AISI 1015 the temperature characteristic of thermal 

conductivity was calculated using Eq. 10 and plotted in Fig. 9. During the 

calculation procedure Eq. 10 mean values (from heating and cooling runs) of 

the specific heat of R35 steel were accepted.  

 

Fig. 9. Thermal conductivity of R35 steel (calculated from Eq. 10) and derived from 

MPDB for AISI 1015 steel 

The results of the thermal conductivity of R35 steel are shown in Fig. 9 and 

are undervalued by approximately 15% compared to AISI 1015.  
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4. RESULTS OF HEAT TRANSFER COEFFICIENTS 

ESTIMATION 
 

The inverse method described in chapter 2 was used to find the unknown 

convective heat transfer coefficients h1 and h2 defined on both sides of the 

cylindrical shield. It was assumed in this paper that these coefficients would not 

depend on time. Taking into account radiative boundary conditions 

(Eqs. 2c, 2d) the total heat transfer coefficient can be treated as the sum of the 

convective hi and the radiative hi,r heat transfer coefficients. The results of the 

parameter estimation of the heat transfer coefficients are shown in Tab.1 for the 

assumed values of emissivity of cylindrical shield walls ε1 = ε2 = ε. Analysing 

the results of the estimation of heat transfer coefficients in Tab. 1 the following 

conclusions can be drawn: 

− the smallest functional value is achieved for ε = 0 (S = 18331); 

− the higher is value of emissivity the greater is radiative component and 

the lesser is the convective component of the total heat transfer 

coefficient; 

− the higher the value of emissivity is the lesser the value of the total heat 

transfer coefficient and the greater is the value of functional S; 

− the higher value of emissivity the greater value of the standard 

deviation σh,i of convective heat transfer coefficients. 

 
Table 1.  Heat transfer coefficients estimated values [W/m

2
/K] 

 

 
 ε h1 h1,r h1+h1,r σh1 h2 h2,r h2+h2,r σh2    S 

 
 1.0 36.78 27.16 63.94 1.89 25.41 13.01 38.42 1.35 39685 

 0.9 41.31 24.41 65.72 1.85 27.24 11.69 38.92 1.32 36867 

 0.5 59.67 13.48 73.15 1.67 34.62 6.43 41.06 1.18 27179 

 0.3 68.96 8.06 77.02 1.59 38.36 3.84 42.20 1.12 23229

  

 0.1 78.33 2.68 81.01 1.50 42.13 1.27 43.40 1.06 19832 

 0.0 83.04 0.00 83.04 1.46 44.02 0.00 44.02 1.03 18331 

 
 

5. DISCUSSION OF THE RESULTS AND CONCLUSIONS 
 

The results of the temperature characteristics of the thermal diffusivity and 

the specific heat of R35 steel, presented in chapter 3 were compared with AISI 

1015 steel derived from MPDB v.7.49.   
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Based on the obtained data one cannot conclude that R35 differs from AISI 

1015 because the chemical composition and the coefficient of linear thermal 

expansion of the R35 steel had not been investigated. However, the maximum 

discrepancy in the thermal diffusivity and the specific heat between R35 steel 

and AISI 1015 was equal to 15%. Having from experiment temperature 

histories at some locations T1,T7 it was possible then to solve the inverse 

problem. The best results in estimating the total heat transfer coefficients using 

the inverse method were achieved when the radiation was neglected (ε = 0). In 

this case the estimated values were equal to h1 = (83.04 ± 1.46) W/m
2
/K and 

h2 = (44.02 ± 1.03) W/m
2
/K, respectively.  

The results of the inverse solution corresponding to the calculated and 

measured points at T7 temperatures are shown in Fig. 1a. In this figure both the 

calculated and the measured temperature are consistent to each other and for 

time greater than 150 s. Before that time there are some differences that are  

a result from the acceptance of the models fixed values of the total heat transfer 

coefficients. Such problems will be taken into consideration in the near future 

by the authors. 
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